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We analyze scenarios in which pairs of Unruh-DeWitt-like detectors interact with scalar field(s)
with bi-linear and quadratic coupling. For all cases – real scalar fields, charged scalar fields, and even
for couplings mixing two different scalar fields – we find that the detectors’ dynamics depends on the
Wightman function of a real scalar field with the same functional form up to a constant multiple.
Consequently entanglement harvesting exhibits low sensitivity to either the kind of scalar field or
their charged nature. Furthermore, we show on general grounds that pairs of Unruh-DeWitt-like
detectors exhibit persistent divergences when they interact with scalar field(s) with a quadratic or
bi-linear coupling and discuss possible avenues to improve the models through the regularization of
such divergences.
I. INTRODUCTION
Unruh DeWitt (UDW) detectors have been used to
study the Unruh effect, Hawking radiation, the entangle-
ment structure of various quantum field theories (QFT)
as well as other quantum features of QTFs, such as vac-
uum fluctuations.
Primarily these studies have been confined to bosonic
and real QFTs [1–4]. The fermionic sector has been con-
siderably less explored, primarily due to the persistent
divergences only renormalized in the last few years [5–8].
Despite this, there are already interesting results in the
fermionic sector [9, 10].
However, studies looking into the entanglement struc-
ture of a QFT by using a UDW detector (a process called
entanglement harvesting [11, 12]) have revealed a sur-
prising persistent divergence, exhibited only in the cor-
relations of a multi-detector system, if the detector is
coupled quadratically to a real scalar field. A persistent
divergence in a UDW model is a divergence that remains
even for a choice of detector switching function and spa-
tial profile that are both smooth[10, 13, 14]. A full study
of the entanglement harvesting protocol in a fermionic
QFT will require renormalizing or otherwise removing
this persistent divergence [10].
Our purpose in this paper is to shed light on this
persistent divergence by analyzing the behaviour of dif-
ferent UDW-like detector models. Models considered
UDW-like are those that describe some number of non-
relativistic, localized quantum systems called detectors,
(such as qubits) coupled to a QFT or QFTs via an in-
teraction that has a well-defined size and shape for each
detector (called the spatial smearing and switching func-
tion respectively). Both single detectors [1, 2, 9] and
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pairs of detectors [11, 12, 15, 16] are commonly studied
in the literature. It is less common that more detectors
are considered [17].
It is in the case of pairs of detectors that one can study
the phenomenon of entanglement harvesting [4], entan-
glement farming [18], and harvesting-based ways of dis-
tinguishing different background geometries [19–21] and
topologies [22]. Furthermore, in certain setups, pairs of
detectors exhibit persistent divergences, while individual
detectors were found to be free of such divergences [10].
Here we investigate the behaviour of a pair of UDW-
like detectors, each of which couple multilinearly to a col-
lection of scalar quantum fields. Our purpose is to study
the structure of persistent divergences in non-local cor-
relations that were first discovered [10] for detectors cou-
pling quadratically to a single field operator of a scalar
QFT (we refer to these as quadratic UDW detectors).
We find that such persistent divergences generically ap-
pear for bilinear couplings, and that these have the same
form as those exhibited in the quadratic case. We expect
these divergence to appear for any multilinear coupling
to scalars.
We begin in section II by setting up the formalism for
multilinearly coupled UDW-like detectors to a collection
of scalar fields. In Section III we will particularize to
pairs of detectors, from which the single detector model
is easily recovered. The analysis in section Section IV
will focus on models that are closely related to the di-
vergent model discussed in [10]. Indeed, the discussion
in Section V will focus primarily on understanding when
these divergences will be present in these related models.
II. SETUP
We consider a detector to be a first-quantized quan-
tum system that couples locally to a quantum field. In-
spired by particle detector models such as that by Unruh-
DeWitt [2], and non-linear variants of this model [5–8],
2let us consider the following interaction picture Hamil-
tonian coupling detector observables Dˆγ(x, t) to scalar
fields in the following very general form:
Hˆ(t) =
∑
γ∈D
∫
ddxDˆγ(x, t)
n∏
i=1
f
γ
i (φˆi(x, t)), (1)
where D = {A,B} and φˆi(x, t) are the field operators
for scalar fields (indexed by i = 1, . . . , n); fγi is a (not
necessarily linear) function of φˆi(x, t).
For our analysis we will choose the operators Dˆγ to
correspond to a set of monopole densities of comoving
detectors (sharing a centre-of-mass proper time t), as in
the UDW model. This can be written as a product in
the following way
Dˆγ(x, t) := λγ µˆγ(t)χγ(t)Fγ(x), (2)
where χγ(t) and Fγ(x) describe the switching and spatial
shape (in their co-moving reference frames) of the first-
quantized detectors labeled by γ. The operator µˆγ(t)
accounts for the internal structure of the monopole mo-
ment of the γ−th detector, which we reduce to two levels
as is common in UDW models, i.e.
µˆγ(t) := e
−iΩγt |gγ〉 〈eγ |+ e
iΩγ t |eγ〉 〈gγ | , (3)
where where |gγ〉 represents the free ground eigenstate
of the detector γ and |eγ〉 represents the excited state,
separated from the ground state by a possibly-vanishing
energy gap Ω.
We consider first the case of an arbitrary number of de-
tectors indexed by the set D. This motivation for study-
ing this particular multi-field Hamiltonian comes from
the divergence found in the entanglement of a pair of Un-
ruh Dewitt detectors coupled quadratically to a massless
scalar field, as in [10]. To attain that particular Hamil-
tonian from Eq. (1), we set χ and F to Gaussian dis-
tributions. Let there be a single scalar field φˆ1(x, t),
and set the function fγ1 (φˆ1) =: φˆ
2
1(x, t) :. Explicitly, the
interaction Hamiltonian is [10]
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxµˆγ(t)χγ(t)Fγ(x) : φˆ
2(x, t) : (4)
letting φˆ1(x, t) = φˆ(x, t).
We will ask if/when the divergence studied in [10]
shows up with a Hamiltonian of the form Eq. (1), and,
if so, does it have the same structure as in the quadratic
single-field case Eq. (4).
Derivations for finding the time-evolved state of a two
UDW-detector system coupled to various single-field cou-
plings are straightforward and can be found throughout
the literature (see e.g., [4, 10]). While generalization to
many-detector systems is a simple extension [17], the ex-
tension to multiple fields is novel. The notation used
most closely follows [4], excepting the sum/product no-
tation to condense the expressions with many Hilbert
spaces, which was not necessary in previous investiga-
tions.
A. State of system after interaction
In this section we will derive a very general expression
for the state of the combined field-detectors system. We
begin by following a similar process as in [4, 10]. Starting
with the interaction picture time evolution operator Uˆ =
T exp(−i
∫
dtHˆI(t)), and taking a Dyson expansion we
obtain
Uˆ = 1 + Uˆ (1) + Uˆ (2) +O(λ3γ) (5)
where
Uˆ (1) = −i
∫ ∞
−∞
dt HˆI(t) (6)
Uˆ (2) = −
∫ ∞
−∞
dt
∫ t
−∞
dt′ HˆI(t)HˆI(t
′). (7)
Using the Hamiltonian (1), these operators can be equiv-
alently written as
Uˆ (1) = −i
∑
γ∈D
∫ ∞
−∞
dt
∫
ddxDˆγ(x, t)
n∏
i=1
f
γ
i (φˆi(x, t))
(8)
Uˆ (2) =−
∑
γ,ν∈D
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′Dˆγ(x, t)Dˆν(x
′, t′)
×
n∏
i,j=1
f
γ
i (φˆi(x, t))f
ν
j (φˆj(x
′, t′)) (9)
and Uˆ (0) = 1 .
Given an initial state ρˆ0, we can express its time evo-
lution under Uˆ in a perturbative expansion. We will call
this time evolved state simply ρˆ; using (5) we obtain
ρˆ = ρˆ0+ρˆ
(1,0)+ρˆ(0,1)+ρˆ(1,1)+ρˆ(2,0)+ρˆ(0,2)+O(λ3γ)
(10)
where ρˆ(i,j) = Uˆ (i)ρˆ0Uˆ
(j)†.
Taking the ground state to be the initial state of each
detector system and choosing arbitrary pure, uncorre-
lated states for the field systems
ρˆ0 =
⊗
δ∈D
|g〉δ δ〈g|
n⊗
i=1
|Ψi〉 〈Ψi| , (11)
we find that Eq. (10) can be written as
ρˆφ =ρˆφ0 +
∑
γ
(
λγ ρˆ
φ
γ + λ
2
γ ρˆ
φ
γγ
)⊗
δ∈D
δ 6=γ
|g〉δ δ〈g|
+
∑
γ,ν∈D
γ 6=ν
(
λγλν ρˆ
φ
γν
) ⊗
δ∈D
δ 6=γ,ν
|g〉δ δ〈g|+O(λ
3
γν), (12)
3where
λγ ρˆ
φ
γ = −i
∫ ∞
−∞
dt
∫
ddxDˆγ(x, t) |g〉γ γ〈g|
×
n⊗
i=1
f
γ
i (φˆi(x, t)) |Ψi〉 〈Ψi| + H.c., (13)
and ρφγν is defined the following way if γ 6= ν
λγλν ρˆ
φ
γν =
( ∑
γ,ν∈D
γ 6=ν
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′
× Dˆγ(x, t) |g〉γ γ〈g| ⊗ |g〉ν ν〈g|Dˆν(x
′, t′)
×
n⊗
i=1
f
γ
i (φˆi(x, t)) |Ψi〉 〈Ψi| f
γ
i (φˆi(x
′, t′))
)
−
( ∑
γ,ν∈D
γ 6=ν
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′ (14)
× Dˆγ(x, t) |g〉γ γ〈g| ⊗ Dˆν(x
′, t′) |g〉ν ν〈g|
×
n⊗
i=1
f
γ
i (φˆi(x, t))f
γ
i (φˆi(x
′, t′)) |Ψi〉 〈Ψi|+H.c.
)
,
and as the following when γ = ν
λ2γ ρˆ
φ
γγ =
(∑
γ∈D
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′
× Dˆγ(x, t) |g〉γ γ〈g|Dˆγ(x
′, t′)
×
n⊗
i=1
f
γ
i (φˆi(x, t)) |Ψi〉 〈Ψi| f
γ
i (φˆi(x
′, t′))
)
−
(∑
γ∈D
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′ (15)
× Dˆγ(x, t)Dˆγ(x
′, t′) |g〉γ γ〈g|
×
n⊗
i=1
f
γ
i (φˆi(x, t))f
γ
i (φˆi(x
′, t′)) |Ψi〉 〈Ψi|+H.c.
)
.
The form Eq. (12) of the time evolved density matrix
is particularly intuitive, since it separates terms that are
local to single detectors (Eq. (13) and Eq. (15)), from
terms containing correlations that the detectors acquire
through their interaction with the field, which can be
seen in Eq. (14).
B. State of detectors after interaction
We now turn to the problem of finding a general ex-
pression for the combined state of the detectors by trac-
ing out all field degrees of freedom. Tracing over the field
in Eq. (12), we obtain
ρˆ =ρˆ0 +
∑
γ
(
λγ ρˆγ + λ
2
γ ρˆγγ
)⊗
δ∈D
δ 6=γ
|g〉δ δ〈g|
+
∑
γ,ν∈D
γ 6=ν
(
λγλν ρˆγν
) ⊗
δ∈D
δ 6=γ,ν
|g〉δ δ〈g|+O(λ
3
γν), (16)
where dropping the superscript φ indicates that the trace
over the field has been performed. The operator ρˆγ is
defined by
ρˆγ = −i
∫ ∞
−∞
dt
∫
ddxLγ(t,x)
n∏
i=1
S
fγ
i
Ψi
(x, t) |e〉γ γ〈g| + H.c.
(17)
where Lν is given by
Lν(t,x) =χν(t− tν)Fν(x− xν) e
iΩνt (18)
and S is the single point function of fγi (φi(x, t))
S
fγi
Ψi
(x, t) = 〈Ψi| f
γ
i (φi(x, t)) |Ψi〉 , (19)
and ργν is defined as
ρˆγν =
∑
γ,ν∈D
γ 6=ν
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′
(
L
fγ
i
γν (x, t,x
′, t′)
)∗
× |eγgν〉 〈gγeν |
−
(( ∑
γ,ν∈D
γ 6=ν
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′M
fγ
i
γν(x, t,x
′, t′)
× |eγeν〉 〈gγgν |
)
+H.c.
)
(20)
if γ 6= ν, and as
ρˆγγ =
∑
γ∈D
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′
(
L
fγ
i
γγ(x, t,x
′, t′)
)∗
× (|eγgγ〉 〈gγeγ |) (21)
when γ = ν.
In order to align our notation with that in the literature
[16], we have defined the following functions Mγν and
Lγν :
M
fγ
i
γν=− λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′
× Lγ(t,x)Lν(t
′,x′)
n∏
i=1
W
fγi
|Ψi〉
(t,x, t′,x′) (22)
L
fγ
i
γν=λνλµ
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′ (23)
× L∗γ(t,x)Lν(t
′,x′)
n∏
i=1
W
fγ
i
|Ψi〉
(t,x, t′,x′),
4where L is defined in Eq. (18) and we have utilized the
cyclic property to re-express the trace of the field as ei-
ther the single point function of fγi (φi(x, t)) (defined in
Eq. (19)) or the two-point correlator
W
fγ
i
Ψi
(x, t,x′, t′) = 〈Ψi| f
γ
i (φi(x, t))f
γ
i (φi(x
′, t′)) |Ψi〉 .
(24)
The term M is associated with non-local correlations,
while Lγν is associated with mutual information includ-
ing classical correlations. and Lγγ is each detector’s local
excitation probability that we can associate with local
‘noise’ in the context of entanglement harvesting [4].
III. ANALYSIS OF PAIRS OF DETECTORS
In this section we particularize to pairs of detectors.
Apart from being the minimal setup for performing en-
tanglement harvesting, this will provide us with better
insight into understanding the divergence behaviour of
different UDW-like detector models. In particular, in
Section V we will be able to focus on whether divergences
will appear in models similar to the quadratically-coupled
model, which exhibits persistent divergences when pairs
of detectors are considered [10].
We begin our study of pairs of detectors first by not-
ing the equivalence between two scenarios. The first is a
setup with more than two detectors, but in which all but
two detectors have been traced out. The second scenario
is a setup that initially only has two detectors. For the
initial state chosen for the detectors, these scenarios are,
at leading order, equivalent since the multi-partite con-
tributions to the detector state are all traceless when all
detectors begin in energy eigenstates. Thus, after tracing
out detector γ, any term involving γ will also vanish. In
other words, at second order, the field(s) only mediate
bipartite detector interactions. In this section we will re-
duce our analysis to a pair of detectors, A and B, regard-
less of whether they are contained in some possibly-larger
set of detectors.
We find
ρˆab =ρˆ0,ab + λaρˆa + λ
2
a
ρˆaa + λbρˆb + λ
2
b
ρˆbb
+ λaλb ρˆab + λbλa ρˆba +O(λ
3
γν), (25)
for the time-evolved state of pairs of detectors, where
ρˆ0,ab = Trγ 6=a,b(ρˆ0) = |g〉a a〈g|
⊗
|g〉
b b
〈g|. (26)
If the initial state of the fields has a vanishing one-
point function (for example, if we start in the vacuum,
or any convex combination of Fock states) the first order
contribution vanishes, and we can represent the detector-
pair density matrix as
ρˆ
fγi
ab =


1−L
fγ
i
aa−L
fγ
i
bb 0 0
(
Mf
γ
i
)∗
0 L
fγ
i
aa L
fγ
i
ab 0
0 L
fγ
i
ba L
fγ
i
bb 0
Mf
γ
i 0 0 0

+O(λ
4
µ), (27)
where Mf
γ
i = M
fγ
i
ab + M
fγ
i
ba (to match the notation in
the literature), whereM
fγ
i
γν and L
fγ
i
γν are those in Eq. (22)
and Eq. (23), respectively, and where the following basis
elements are used:
|gagb〉 =


1
0
0
0

 , |gaeb〉 =


0
1
0
0

 ,
|eagb〉 =


0
0
1
0

 , |eaeb〉 =


0
0
0
1

 . (28)
To see the form of this matrix in general when the one-
point function of (a single) field does not vanish one can
check, e.g., equation (55) of [23].
What we can see is that pairs of detectors, including
when they are a subset of the total collection of detectors
in consideration, reproduce the usual “X-state” found in
the literature [16, 22].
IV. RESULTS
In this section, we will consider four different cases of
Eq. (1), two of which are known in the literature. The
two known cases are the usual Unruh-DeWitt model dis-
cussed in Section IVA [4] and the Unruh-DeWitt-like
detector coupled quadratically to a real field discussed
in Section IVB [8, 10]. We will subsequently calculate
the same quantities for two additional setups of Unruh-
DeWitt-like detectors: in Section IVC for detectors cou-
pled quadratically to a complex field, and in Section IVD
for detectors coupled to two real fields in a bilinear man-
ner.
Let us consider all fields to be initialized to their re-
spective vacuum states, represented by the vector |Ωi〉.
This causes the single point function to vanish [4], such
that ρˆγ vanishes for all γ ∈ D. Thus, in this section, the
only quantities of interest are the two-point correlators
of fγi (φˆi(x, t)) (or f
γ
i (Φˆi(x, t)) in the complex case). In
the next four sections, we will relate these two-point cor-
relators to the Wightman function of the real scalar field.
This will allow, in Section V, a comparison of the four
models, with a particular focus on comparing the com-
plex and bilinear models to the existing real, quadratic
model studied in [8].
5A. Linear coupling to single real scalar field (the
ususal unrh-dewit model)
The linear coupling considered in this section is the
standard Unruh-DeWitt model found in the literature
[4]. This model captures the fundamental features of
the light-matter interaction when the exchange of an-
gular momentum does not play a relevant role [16, 24],
and has been used extensively for studying the Unruh ef-
fect, Hawking radiation [1], and entanglement harvesting
[4, 20], and, relevant to our later discussion regarding di-
vergent models, the usual Unruh-DeWitt model has been
shown to be free of persistent divergences [13, 14, 25].
The Hamiltonian for a pair of Unruh-DeWitt detectors
coupled linearly to a real scalar field is
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxDˆγ(x, t)φˆ(x, t), (29)
which can be attained from Eq. (1) by setting n = 1 and
letting
f
γ
1 (φˆ1(x, t)) = φˆ1(x, t). (30)
In this case, the two-detector density matrix is charac-
terized by the vacuum Wightman function
W
φ
Ω1
(x, t,x′, t′) = 〈Ω1|φ1(x, t)φ1(x
′, t′)) |Ω1〉 . (31)
More explicitly, the two-detector density matrix after
this interaction depends on only two expressions
Mφ= − λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′
× Lγ(t,x)Lν(t
′,x′)WφΩ1 (x, t,x
′, t′) (32)
Lφγν=λνλµ
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′ (33)
× L∗γ(t,x)Lν(t
′,x′)WφΩ1 (x, t,x
′, t′).
Previous analyses of these expressions show that they are
free of persistent divergences [8, 10].
B. Quadratic coupling to single real scalar field
A UDW-like detector coupling quadratically to a real
scalar field has been studied previously [8] in comparison
to the usual UDW model and to a UDW-like detector
coupled to a fermionic field, and has been shown to ex-
hibit persistent divergences when pairs of detectors are
considered [10]. Here we present the divergent term M
along with finite terms L. This is done with the goal
of drawing conclusions about models whose divergence
properties have not yet been studied.
In particular we will compare the quadratic model
to both the complex model and the so-called ‘bilinear’
model. The interaction part of the Hamiltonian is
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxDˆγ(x, t) : φˆ
2(x, t) :, (34)
so that
f
γ
1 (φˆ1(x, t)) =: φˆ
2
1(x, t) :, (35)
in Eq. (1), thereby reproducing the quadratic coupling
studied previously [10]; the colon notation indicates nor-
mal ordering as defined in Appendix A.
It has previously been shown [10] that the two-point
correlator of (35) can be re-expressed as
W
:φ2:
Ω1
(x, t,x′, t′) = 2
(
W
φ
Ω1
(x, t,x′, t′)
)2
, (36)
or in other words in terms of the two-point correlator
of φˆ1(x, t), where |Ωi〉 indicates the vacuum state of the
field indexed by i.
As is the case with the usual Unruh-DeWitt detector,
the two-detector density matrix after this interaction is
entirely characterized by two expressions
M:φ
2:
γν =− 2λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′
× Lγ(t,x)Lν(t
′,x′)
(
W
:φ2:
Ω1
(t,x, t′,x′)
)2
(37)
L:φ
2:
γν =2λνλµ
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′ (38)
× L∗γ(t,x)Lν(t
′,x′)
(
W
:φ2:
Ω1
(t,x, t′,x′)
)2
where Mγν has been shown to exhibit persistent diver-
gences for pairs of detectors with the same energy gap
[10], while Lγγ has been shown to be free of persistent
divergences [8].
C. Quadratic coupling to single complex scalar field
In this section consider a UDW-like model coupled to a
complex scalar field, previously studied [8] in comparison
to the fermionic model. One question that later emerged
[26] was whether or not the same persistent divergences
found in the quadratic model [10] also appeared in this
model. We will study that relationship further in Sec-
tion V.
The interaction Hamiltonian for a charged scalar field
Φ is
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxDˆγ(x, t) : Φˆ
†(x, t)Φˆ(x, t) : (39)
where we now have
f
γ
1 (Φˆ1(x, t)) =: Φˆ1(x, t)Φˆ
†
1(x, t) : (40)
6where the colon notation still indicates normal ordering.
In Appendix A, we find an expression for
W :ΦˆΦˆ
†:
Ω1
(x, t,x′, t′) indicating that the complex cor-
relation function is related to the Wightman function of
a real scalar field via
W :ΦΦ
†:(t,x, t′,x′) =
(
〈0| φˆ(x, t)φˆ(x′, t′) |0〉
)2
. (41)
Given this relationship, the two-detector density ma-
trix after this interaction is characterized once again by
the expressions [26]
M:ΦΦ
†:
γν =− λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′
× Lγ(t,x)Lν(t
′,x′)
(
W
φ
Ω1
(t,x, t′,x′)
)2
(42)
L:ΦΦ
†:
γν =λνλµ
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′ (43)
× L∗γ(t,x)Lν(t
′,x′)
(
W
φ
Ω1
(t,x, t′,x′)
)2
.
We can immediately see that the complex model has a
close relationship with the quadratically coupled model.
We consider this further in Section V.
D. Multi-linear coupling to real scalar fields
In this section, we will derive an expression for the
state of two arbitrary detectors coupled linearly to arbi-
trarily many real scalar fields. Unlike the previous two
models, this UDW-like model has not been studied be-
fore. This is in part because the non-linearly coupled
models were introduced in the context of building an
UDW-like fermionic model and the multi-linear model
is not well-suited for comparison to the fermionic model.
However, the divergent behaviour found in [10] motivates
studying models related to the divergent one, partly to
determine how pervasive the divergence is to quadratic
models and partly as an exploration into potential regu-
larization schemes.
The Hamiltonian for the UDW-like multi-linear model
is the following
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxDˆγ(x, t)
n∏
i=1
φˆi(x, t), (44)
which we have oibtained from the more general Eq. (1)
by letting fγi (φˆi(x, t)) = φˆi(x, t) for i = 1, . . . , n. We
find the following expressions
Mφ1...φnγν =− λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
ddx
∫
ddx′
× Lγ(t,x)Lν(t
′,x′)
n∏
i=1
W
φi
|Ωi〉
(t,x, t′,x′)
(45)
Lφ1...φnγν =λνλµ
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∫
ddx
∫
ddx′ (46)
× L∗γ(t,x)Lν(t
′,x′)
n∏
i=1
W
φi
|Ωi〉
(t,x, t′,x′)
that characterize the two-detector density matrix after a
multi-linear interaction with the scalar fields. We see in
the above nth powers of the Wightman function. This is
particularly interesting in the case of n = 2, as the resul-
tant expressions are exactly those found for the UDW-
like model coupled to a complex field. This similarity
and other insights will be discussed in Section V.
V. DISCUSSION
In this section, we will analyze and compare the results
derived from the four models in the previous section. Re-
lying on the previous study [10], we will draw conclusions
about the divergent behaviour (if any) of the models’ pre-
dictions, considering in particular persistent divergences
in the correlation terms. Then, we will discuss the na-
ture of the divergences as they relate to distribution the-
ory and operator algebras, which will also have bearing
on possible regularization schemes. This sets the stage
for a later discussion (Section VI) of these results in the
context of possible routes to regularization.
The first observation we make is that the forms of
Mφ1φ2 and M:ΦΦ
†: are precisely the same. Further-
more these two expressions differ from M:φ
2: by only
a constant factor. Thus in any case where the real
quadratic model presents persistent divergences, so too
will the complex and bilinear models. Concretely, these
models will exhibit the same persistent divergences as
the quadratically coupled detector model studied in [10].
This will lead to divergent negativity unless regulariza-
tion schemes are employed or a satisfactory renormalza-
tion technique is found. Furthermore, we can conclude
that the regularization methods or renormalization tech-
niques used to tame the divergences for the quadratic
model should work equally well for the complex scalar
field, or for a double coupling to two different real scalar
fields.
Our final observation is about the nature of the higher-
order multi-linear interactions. While the linear interac-
tion is free of persistent divergences, and the bi-linear
case has now been shown to exhibit persistent diver-
gences, in order to draw conclusions about the divergence
7structure of the multi-linear UDW-like models we cannot
immediately appeal to the behaviour of higher powers of
the Wightman function. For that, we need to discuss the
divergence in terms of distribution theory.
We cannot yet answer here the question of whether the
multi-linear models with more than two fields do exhibit
persistent divergences, but it is productive to point out
that, even for the quadratic model, it might perhaps be
surprising that any of the density matrix elements of the
quadratic models are convergent at all. This is because
the role that the Wightman function plays for a linear
detector in the detector’s matrix elements is played by
products of Wightman functions in the quadratic and bi-
linear cases. However, the Wightman function is a dis-
tribution, and the product of two distributions that are
well-defined in a reasonable test space is not guaranteed
to be a well-defined distribution on the same space.
Finally, another way of looking at this issue of diver-
gences is via considering algebras of operators. Smeared
field operators are well-defined objects [27]. However,
a smeared product of field operators (as we see in the
quadratic models studied in this paper) is not, a-priori,
a well-defined object in the algebra of field operators.
One method to give the quadratic Hamiltonian a well-
defined interpretations is as a limit of well-defined non-
local Hamiltonians, as in
∫
dy
∫
dxF (x)φˆ(x)Gδ(y − x)φˆ(y), (47)
where Gδ(x) is a nascent delta distribution.
A more intriguing alternative regularization scheme
might exploit recent work [28] demonstrating that for
general spacetimes and spacelike-separated pairs of de-
tectors following arbitrary timelike trajectories, it is pos-
sible to de-nest the nested integrals inM and write them
as functions of slightly-altered Lγν . Since all functions
Lγν for pairs of quadratically coupled detectors have been
found to be free of persistent divergences, it may be pos-
sible regularize the quadratic models through analyzing
this de-nesting process.
A final, perhaps more elegant, regularization scheme
(still different from a UV cutoff) is applying multiple
smearings, one for each instance of the field operator
in the interaction Hamiltonian. Under this regulariza-
tion scheme, the smeared field operators would be rig-
orously defined in terms of operator algebas. More con-
cretely, every field operator appearing in the Hamiltonian
is smeared under an integral separately. For example, in-
stead of the multi-linear Hamiltonian defined in Eq. (44),
Hˆ(t) =
∑
γ∈{A,B}
∫
ddxDˆγ(x, t)
n∏
i=1
φˆi(x, t), (48)
one could use the following multiply-smeared detector
Hˆ(t) =
∑
γ∈{A,B}
Dˆγ(t)
n∏
i=1
∫
ddxi Fi,γ(xi) φˆi(xi, t), (49)
where Fi,γ is the smearing associated with the ith field
and the detector γ.
VI. CONCLUSION
We have derived expressions for the time evolved state
of a pair of Unruh-DeWitt detectors coupling to various
scalar fields in different configurations. We have shown
that the phenomenlology associated with the vacuum re-
sponse of pairs of detectors at leading order (in, for ex-
ample, entanglement harvesting) is essentially insensitive
(modulo a constant factor) to the charged nature of the
field, as well as the presence of two different types of
scalar fields in the coupling.
Regarding persistent divergences, by comparing a pair
of Unruh-DeWitt detectors with multilinear coupling to
n real scalar fields, we find for n = 2 that the multi-linear
model exhibits the same divergences as the quadratically
coupled model studied previously [8, 10]. The divergence
structure is the same for a pair of Unruh-DeWitt detec-
tors coupled quadratically to a complex field.
Though we leave for future investigation the question
of how to treat these persistent divergences, we close
with a few possible thoughts on this: Given the discus-
sion in Section V, a regularization scheme beyond the
soft UV cutoff employed in [10] may perhaps be found
through analyzing the distributional nature of the Wight-
man function, applying point-splitting techniques, regu-
larizing through field observable-localization, or exploit-
ing recent results in [28] whose analysis suggests that
perhaps these divergencies can be regularized through
frequency detuning. These are very promising avenues
that will be explored in future investigations.
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Appendix A: Two-point correlator for the complex
field
In this appendix, we find an expression for
W :ΦˆΦˆ
†:
Ω1
(x, t,x′, t′). Concretely, we will relate the com-
plex correlation function to the usual Wightman function
as shown in Eq. (41).
We begin with the relationship between an operator Aˆ
and its normal ordered version is given by
: Aˆ : = Aˆ− 〈0|Aˆ |0〉 1 (A1)
8Using this identity, W :ΦˆΦˆ
†: can be rewritten as
W :ΦˆΦˆ
†:(t,x, t′,x′) = (A2)
〈0| Φˆ(x, t)Φˆ†(x, t)Φˆ(x′, t′)Φˆ†(x′, t′) |0〉
− 〈0| Φˆ(x, t)Φˆ†(x, t) |0〉 〈0| Φˆ(x′, t′)Φˆ†(x′, t′) |0〉 .
The first term ofW :ΦˆΦˆ
†:(t,x, t′,x′) can be simplified. To
do so, we will write the field operator as Φˆ = Φˆ+ + Φˆ−,
where Φˆ+ and Φˆ− are defined as
Φˆ+(x, t) =
∫
ddk e−ǫ|k|/2√
2(2pi)n|k|
aˆ
†
k e
i(|k|t−k·x), (A3)
Φˆ−(x, t) =
∫
ddk e−ǫ|k|/2√
2(2pi)n|k|
bˆk e
−i(|k|t−k·x), (A4)
where the operators Φˆ+ and Φˆ− satisfy the commutation
relation
[
Φˆ−(xµ, tµ), Φˆ
+(xν , tν)
]
= 0, (A5)
and
[
Φˆ−(xµ, tµ), Φˆ
−†(xν , tν)
]
= Cµν1 , (A6)[
Φˆ+(xµ, tµ), Φˆ
+†(xν , tν)
]
= Cνµ1 , (A7)
where Cµν ∈ C is precisely
Cµν =
∫
ddk e−ǫ|k|/2
2(2pi)n|k|
ei(|k|(tν−tµ)−k·(xν−xµ))
Furthermore, to simplify notation we define Φˆν such
that
〈0|Φˆ(x, t)Φˆ†(x, t)Φˆ(x′, t′)Φˆ†(x′, t′) |0〉 =
〈0| Φˆ1Φˆ
†
2Φˆ3Φˆ
†
4 |0〉 , (A8)
we can use Φˆ+ and Φˆ− (and their adjoints) to rewrite the
first term in Eq. (A2) as
〈0|Φˆ1Φˆ
†
2Φˆ3Φˆ
†
4 |0〉 = 〈0| Φˆ
−
1 Φˆ
−†
2 Φˆ
−
3 Φˆ
−†
4 |0〉
+ 〈0| Φˆ−1 Φˆ
+†
2 Φˆ
−
3 Φˆ
+†
4 |0〉 . (A9)
Note that here the expression differs from the real scalar
field case (see equation (A7) of [10]), although we still
use that
Φˆ+†µ |0〉 = 〈0| Φˆ
+
ν = Φˆ
−
µ |0〉 = 〈0| Φˆ
−†
ν = 0, (A10)
and that only summands with as many Φˆ− as Φˆ−† and
Φˆ+ as Φˆ+† give a non-vanishing vacuum expectation
By commuting operators using Eq. (A5), we can write
the the following
〈0| Φˆ−1 Φˆ
−†
2 Φˆ
−
3 Φˆ
−†
4 |0〉 = C23C14
〈0| Φˆ−1 Φˆ
+
2 Φˆ
−
3 Φˆ
+
4 |0〉 = C12C34. (A11)
Thus Eq. (A9) can be written as
〈0|Φˆ1Φˆ2Φˆ3Φˆ4 |0〉 = C23C14 + C12C34. (A12)
We can rewrite the Cµν coefficients as
Cµν = 〈0|
[
Φˆ−µ , Φˆ
−†
ν
]
|0〉 = 〈0| Φˆ−µ Φˆ
−†
ν |0〉 = 〈0| ΦˆµΦˆ
†
ν |0〉 ,
(A13)
which allows us to write the following relation
〈0| Φˆ1Φˆ2Φˆ3Φˆ4 |0〉 = 〈0| Φˆ1Φˆ
†
2 |0〉 〈0| Φˆ3Φˆ
†
4 |0〉
+ 〈0| Φˆ1Φˆ
†
3 |0〉 〈0| Φˆ2Φˆ
†
4 |0〉 . (A14)
Using our definition of Φˆν in Eq. (A8), this becomes
〈0|Φˆ(x, t)Φˆ†(x, t)Φˆ(t′,x′)Φˆ†(t′,x′) |0〉 =
〈0| Φˆ(x, t)Φˆ†(x, t) |0〉 〈0| Φˆ(t′,x′)Φˆ†(t′,x′) |0〉
+ 〈0| Φˆ(x, t)Φˆ†(t′,x′) |0〉 〈0| Φˆ(x, t)Φˆ†(t′,x′) |0〉 .
(A15)
Thus the complex correlation function, originally ex-
pressed in Eq. (A2), is
W :ΦΦ
†:(t,x, t′,x′) =
(
〈0| Φˆ(x, t)Φˆ†(x′, t′) |0〉
)2
. (A16)
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